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Contents of this section

Weak form of differential equations
Galerkin finite element discretisation
Boundary conditions

All done through the example of the
Poisson equation




Model equation

Navier-Stokes equations:

u, + (u-V)u=—-Vp+vViu, V- -u=0

Take divergence of momentum equation:

gv-quV-((u-V)u)=—V2p+VV2V-u

Given a velocity field, we solve for the pressure.




Model equation

We will write equation in a more general form:

...and we’ll consider the one-dimensional version:

Uze = f()

We'll call these forms of the equations the “strong form”




Strong form

The “strong” way to check if u is a solution: check if the
equation is true at each point in space

To make a finite difference method, we approximate the
derivatives, and check the approximate equation is true at
each gridpoint




The “weak” way is to multiply the equation by a “test
function” and then integrate over the domain:

/quVZudV:/qude

Integrate by parts:

—/V(b-VudVJr (bn-VudS:/qbde
Q o9 Q

Check this is true for all functions where integral can be
evaluated




Strong and weak form

e If u satisfies the strong form, then it
satisfies the weak form

e If u satisfies the weak form for all test
functions, and u is suitably smooth,
then u satisfies the strong form

e To make an FEM, we keep the weak
form, but restrict the types of functions
that we allow for u and test functions




Descriptive Formulation

We consider the one-dimensional Poisson equation

0% u

= 012

L(u)




Boundary conditions

For this problem to be well posed and therefore have a unique
solution we need to specify boundary conditions.

Q=Hzx|0<x <1}

ou
u(0) = gp, %(1) = gN,

In the Galerkin formulation, Dirichlet boundary conditions have to be
specified explicitly whereas Neumann conditions are dealt with
implicitly as part of the formulation

If the boundary conditions stated above are applied to the Poisson
we have a two-point boundary value problem and is said to be in
the strong (classical) form




Multiply equation by a weight/test function (which
vanishes on all Dirichlet boundaries) and integrate:

(v, L )):/010(213 : f)dx:O

Equivalent to setting the weighted residual to zero.

Integrating by parts gives

b Ov Ou : |
: 8x8mdx_/0 vf dx + _v%_




Natural boundary conditions

e This is a common approach in finite

elements, it reduces the order of the
second derivative and makes the
matrix system symmetric.

¢ As the test functions are defined to

be zero on Dirichlet boundaries we
know that v(0) = 0.




Natural boundary conditions

if we apply the Neumann boundary condition

Ou(l)/0x = gn

to the last term, we get

L ov ou :
— 1 .
o 8xdaz /0 vf dr+ v(l)gn

Neumann boundary conditions are
naturally included in the formulation




Finite element functions

We represent our solution as u(z Zuz
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Shape functions

h-type approximation
h-parameter represents
size of domain
convergence achieved by
subdividing domain into
swmaller and swmaller
subdomains so that
h->0

0



Galerkin approximation

The Galerkin approximation of the Poisson equation is the
solution to the weak form when the exact solution is
approximated by our finite element expansion of u

The weight or test function is also replaced by a finite
expansion, and we get

b ov® oul b 5
s axd:c—/o v’ f dx +v°(1)gn

Functions used in u are referred to as the trial functions whereas
functions used in v are referred to as the test functions




Dirichlet conditions

e The approximate solution contains some
functions which are zero on Dirichlet
boundaries and some which are not.

Therefore construct solution from a known
function which satisfies the Dirichlet
boundary conditions and a homogeneous
solution which is zero on the Dirichlet
boundaries

uH((‘?QD) — O, uD(f)’Qp) — Jdp.




0

Dirichlet conditions

e The same set of basis functions are now
used to represent the homogeneous
solution and the test functions

e Substitution gives

1 1 4.6 9, D
ov° Odu
dx = O f dx +v°(1)gn — dx.
T /va:c v°(1)g oz oz T

L ovd ou™
oxr Ox




Two-Domain Linear Finite Element Example

In this section we solve the one-dimensional Poisson
equation mohasis

- 0%u | sondition

=52 f =0, )

where f is a known function and boundary conditions are

ou
U(O):gD:1, %(1):%\,:1,

L(u)
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Weak formulation

We start by considering the weak form

L ovd ou™
oxr Ox

1
da;:/ v f dz
0

Link to matrix equations




Finite Element basis

2
5 ~ AT :mphasise
U = E : U’ZN CB) ) dmains
Y 7

T ———————————

<z<3:
<z<1
0
1
2

T
T

<

<

SHE .
VA

— |/\
—




reproduce
diagram

Shape functions

h-type approximation
h-parameter represents
size of domain
convergence achieved by
subdividing domain into
swmaller and swmaller
subdomains so that
h->0

0



Global to Local

e We have simplified the problem by
considering N as a global expansion.

e However the great power of the finite
element method is its geometric
flexibility arising from decomposing the
global expansions into local expansions.




Dirichlet Condition

The only way to satisfy the Dirichlet condition at x = 0

is fo set Ug = gp

To do this, we decompose v’ into ©° = u** + 4P

have reduced degrees of
freedowm by 1

al Nl (ZIJ) + ﬁ12 NZ (37) look for a solution with
u=0 at x=0 and add
gD NO (Qf),




Galerkin discretisation

In the Galerkin approach the same expansinn hacac ara

never have to determine

used to define the test function "¢

v (z) = 01N1(z) 4+ 09 Na(x).




Right-hand side

f is known explicitly and therefore it is theoretically
possible to evaluate this term exactly. In practice the
function is usually represented using the same expansion
as u

iNi(2) = foNo(x) + fiN1(2) + foNo(x).

for our problem

= £(0), fi = £(0.5), f2 = f(1)




Calculating integrals

1 5o auH
0 Po oz 4

fol v f dx

= J (261)(2in)d + [1 (=201 + 205)(=2d + 2itp)da

o 4 =214

ool S8

Jo: (0123)(fo(1 — 2x) +f1(2x)A)da: A

(0121 = @) + 82(2¢ — 1)) (f12(1 — 2) + fo(22 — 1))d
SRS iJgOJrlflJrif?]

[ V1 V9 } [ 12 1—12f13—|— %f’;Q

= (0 Ny(1) + 02 No(L))gw = [ 01 D2 | [ ? ]gN

1

[2(201)(—2gp)dr = | 91 Do | [ _291(7) ] |

link to weak form




Matrix equations

This equation has to be true for all test functions, so we
get the matrix equation in the curly brackets




Boundary conditions

Recalling that gp =1 andgny = 1 we get
2+ sfot it e

1—|—1—12]E1—|-%JE2

which has a solution

S hot SR AR

2+ fotifit2fa




Solution

The finite element approximation

u’(x) = gpNo(z) + @1 N1 () + G No(x)




Mathematical Formulation

We consider the one-dimensional Helmholtz equation

0% u

Au+ f =0,
where ) is a real positive constant

To be solved in the domain ) < £ < [

The equation comes with boundary conditions

ou
u(0) =g, 241y =g




Integral form

Multiplying by an arbitrary test function, the properties of
which are to be defined, and integrating over the domain
we obtain

I a2 l l
Ou /)\vudw—l—/vfdx:().
0 0

(9
0 05172

If the functions are smooth enough, we can integrate by
parts

l l l -
ov Ou
Oaxaxlfo)\vuda?—/ovfdaz—l-_
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Bilinear form notation

(323 + 2w
fo vfdx + [U%}O

We write the equation

a(v,u) = f(v)




Sdtrain energy

In structural mechanics, a(v, ) is known as the strain
energy

the space of all functions which have a finite strain is
called the energy space denoted by

EQ)=Au| a(u,u) < oo}

Associated with the energy space is the energy norm

ullp = va(u,u).
Functions that belong to the energy space are called

H* functions and satisfy the condition that the integral of
the square of the function and its derivative are bounded.




Trial and test functions

E~- our problem the trial space is defined by

physical condition

E bounded X — {U ‘ u & H17U(O) — QD}

boundary
condition

The space of all test functions which are homogeneous on
Dirichlet boundaries is

V={v]|veH",v0)=0}.




Weak formulation

We can now define the generalized or weak formulation
of our equation

Find u € A" such that
a(v,u) = f(v), Vovel.




Approximate weak form

We select subspaces X° ¢ X, V° C Y
with a finite number of degrees of freedom

The approximate form of the weak formulation is
Find ¢ € X° such that

a(v’,u’) = f(v°) V0 e VO,




P is known with dirichlet
H is unknown with
dirichlet zero

boundary conditions go
to right hand side

v H identical tov
functions with zero bes

rkin formulation

Find

such that

f(v°) = af

v‘s,u

u’ where vt € V°.

P) for all v° € V°




We have a symmetric bilinear form

a(v,u) = a(u,v)
a(c1v + cow,u) = cra(v,u)+ coa(w,u),

The equation is bounded if
a(v,u)| < Cifvl1][ull, C1 <oc

The equation is elliptic if

a(u,u) > CQHUH%, Cy > 0




Uniqueness of Galerkin approximation

Assume that there are two distinct solutions
a(v’,u1) = f(v°), for all v° € V°
a(v®,ug) = f(v°), for all v° € V°.

Subtracting gives

O u) —a(v’, us) = a(v’, u; —ug) =0

a(v

) o why do we care?

Now choose v° = u1 — us aneituon:

0=a(uy — ug, w1y — u)||U1 — U invert thematrix
and get an answer!

7

Contradiction!




Orthogonality of error

a(v’,e) =0, V° el e=u—u’

To prove this, note that the approximate trial space is
contained in the full trial space

a(v’,u) = f(v°), Vv e VO,
subtracting the approximate equation
a(v’,u’) = f(v°), V0 e VO,

Gives the result.




Energy minimiser

why do we care?
this shows

: minimuwm residval
error In leads to minimum

energy horm ||u — uéHE p— min Hfu, — w5||E error
7 w56

solution
Winimises

To prove this, note that for any ° € X we have
o112 __ 0 ) o112 __ 0|2
Ju —w[|p = llu—u” +u° — w5 = [le + %]
where 0 = w? —u? € V°
u—wl||% =ale +0°,e +0°) = ale, e) + 2a(v?, ) + a(v®,v°).
| | = af 7 , , ,

So tfigterror is minimised over the trial space in the
alee) is
energy norm energy norm

7

—



Equivalence of bases

Uniqueness of the Galerkin approximation means that
any two linearly independent expansions with the same
trial space have the same approximate solution u.

Two solutions to

) P
Galerkin u(ls z:7’19 iy (Qj)
Usg Zz Bihi(x)

P

=) Bihi(z).

1=0

approximation




Equivalence of bases

e Important implication is that any error
estimates are independent of the type of
the polynomial expansion and only | nweasitists
depend on the polynomial space. sty
e Different choices of polynomial
expansion bases can have an important
effect on the numerical conditioning of

matrix systems.




